ON CATEGORY O FOR THE RATIONAL CHEREDNIK ALGEBRA OF 
G(m,l,n): THE ALMOST SEMISIMPLE CASE 



RICHARD VALE 

Abstract. We determine the structure of category O for the rational Cherednik algebra 
of G(m, 1, n) in the case where the KZ functor satisfies a condition called separating simples. 
As a consequence, we show that the property of having exactly N —1 simple modules, where 
N is the number of simple modules of G(m, 1, n), determines the Ariki-Koike algebra up to 
isomorphism. 



1. Introduction 

Let W be the complex reflection group G(m, 1, n) — Z m lS n with its natural n-dimensional 
representation f). It is suggested in fRou05j that it may be possible to give a complete 
description of the structure of category O for the rational Cherednik algebra of the group 
W, using generalisations of the methods of [Gor03 , [BEG03b , [GGOR03J etc. for the m = 1 
case. The aim of this paper is to do this for the case most similar to BEG 03b"] . Recall that 
in [BEG03b , a complete description of category O was obtained in the case G = S n and 
where the parameter c belonged to j- + Z> . In jValj . some of these results were generalised 
to the case of G(m, 1, n) when the parameters are chosen generically in a certain hyperplane. 
Here, we extend these results, but giving instead a much cleaner condition involving the 
KZ functor, and then showing that when this condition holds, we are essentially in the 
situation of [Va]]. Our main result is Theorem 14 . 21 below, which gives a complete description 
of category O analogous to that proved in the W = S n case in [BEG03b . As a corollary of 
Theorem 14.21 we then prove that the Ariki-Koike algebra (ie. the Hecke algebra of W) is 
determined up to isomorphism by the property of having |lrrep(W)| — 1 simple modules (see 
Corollary 18 Throughout, we use the notation and definitions of [ValJ. 
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3. The rational Cherednik algebra 

3.1. In this section, we recall the basic facts about the rational Cherednik algebra, before 
stating our main theorem. A more detailed exposition can be found in | Valj . We let W = 
G(m, 1, n) with its reflection representation f). Let {yi, . . . ,y n } be the standard basis of f). 
With respect to this basis, W may be regarded as the group ofnxn matrices with exactly 

2tti 

one nonzero entry in each row and column, the nonzero entries being powers of e := e~ . 
We also let {xi, . . . , x n } denote the basis of f)* which is dual to {yi, . . . , y n }. 

3.2. The complex reflections in W are then the elements s\ and af^ defined as follows: for 
1 < i < n and 1 < t < m — 1, we define 

s\{yi)=e t y h s\(y j )=y j ,i^i 

and for 1 < % < j < n and < k < m — 1, define 

ojf (Vi) = e ~ k Vv iVj) = £k Vi' a tj (Vr) =Vr,r^i, J. 

Each of these elements has a reflecting hyperplane H. The reflecting hyperplane of s\ is 
{yi = 0} while the reflecting hyperplane of crj^ is {yi = e~ h yj}. Let A be the set of these 
reflecting hyperplanes. For each H G A, let an be a linear functional on f) with kernel H. 

3.3. Let k = (kqq, kq, Hi, . . . , n m -i) be a vector of complex numbers. Then the rational 
Cherednik algebra H K = H K (W) of W is the quotient of the C-algebra T({) *W by the 
relations [xi, x%\ = for xi, %2 G f)*, [yi, y-i\ — for j/i, y% G J), together with the commutation 

2 



relations 

n m—l m—l 

[y,x] = y(x) + ^2y(xi)x(yi) - /%) ^ e rj sl 

i=l j=0 r=0 

m—l 

+ k oo y ( Xi ~ £kx j) x (yi - £ ' k yj) a ij ] 

for all x G f}* and all y G f). In this paper, we will take = throughout. 

3.4. The Dunkl representation. Let ff eg = i)\(U HeA H) and let £>(ff cg ) denote the ring of 
differential operators on f) reg . It is well-known (see for instance, DO03 , [E G02| Proposition 
4.5]) that there is an injective homomorphism 

H K ^ £>((f cg ) * W 

called the Dunkl representation. If 5 = YlHeA aH e then C[f) rcg ] = C[t)]s and the 

induced map 

H K \^ := H K ® m C[f) rcg ] - ^(f) rcg ) * W 
is an isomorphism ( GGOR03, Theorem 5.6]). 

3.5. Category O. Following BEG03aj, let O be the abelian category of finitely-generated 
if K -modules M such that for P G Cft)*] 1 ^ the action of P — P{0) is locally nilpotent. Let 
lrrep(W / ) denote the set of isoclasses of simple VT-modules. Given r G lrrep(W / ), define the 
standard module M(r) by: 

M(t) = H K ®cfe*]*w t 

where for p G C[f)*], w G W and v G r, ■ t> := p(0)wt>. 

In |DU03j . it is proved that M (r) has a unique simple quotient L(r), and [G GOR03] prove 

that {L{t)\t G lrrep(W / )} is a complete set of nonisomorphic simple objects of O, and that 

every object of O has finite length. Furthermore, it is proved in jGGOROS"] that category O 

is a highest weight category in the sense of [CFS88] . In particular, every simple object L(t) 

of O has a projective cover P(r) and an injective envelope I(t), and BGG reciprocity holds, 

that is, [P(r) : L{a)\ = [M (a) : L(r)} for all a, r. 
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3.6. The KZ functor. The group Bw '■= ni(fy reg /W) is called the braid group of W. In 
|GG()R03| . a functor 

KZ : O -> CB^ - mod 

is constructed as follows. If M G O then M\^ ■= C[f) reg ] ®c[W M is a finitely-generated 
module over C[h reg ] ®c[F>] — ^(f) reg ) * W. In particular, M is a W-equivariant D-module 
on f) reg and hence corresponds to a iy-equivariant vector bundle on f) rcg with a flat connection 
V. The horizontal sections of V define a system of differential equations on h reg which, by a 
process described in |Rou05j, give a monodromy representation of ni(\f eg /W). By definition, 
KZ(M) is the monodromy representation of 7r 1 ([) reg /W / ) associated to M. 

3.7. By [GGOR03, Section 5.25], the monodromy representation factors through the Hecke 
algebra 7i of W. This is the quotient of CBw by relations given in [GGOR03] Section 5.2,5]. 
From the braid diagram in [BMR98, Table 1], we see that H is generated by T s ,T t2 , ... , T tm 
subject to the relations: 

i > 3 
2 < i < r 
i-j\>\ 
2<i<r 



T s T t2 T s T t2 - T t2 T s T t2 T s = 
[Ts,T u } = 
T t .T t ..,T t . - T t ..,T t .T t .., = 
[T ti ,T tj ) = 
(T ti - l)(T ti + e 2mK00 ) = 

m— 1 

(T s -1) l[(T s -e- j e- 2 ™*) = 

3=1 



We see that 7i is the Ariki-Koike algebra of |AK94j with parameters q = e 2mK °°, and 
Ui = £ _ ( m-i+1 ) e - 2 *"*«n»-»+i for 1 < i < m, where as before, e = e 2/K% l m . Note in particular that 
Ui 7^ for all i. 

3.8. Therefore, KZ gives a functor KZ : O -> W - mod. By |GGUR()31 Section 5.3], KZ is 
exact, and if O tOT is the full subcategory of those M in such that M|^e g = then KZ gives 
an equivalence (D/O tor ^H - mod |(;(;()K.031 Theorem 5.14]. 
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4. A CONDITION ON KZ 

4.1. Our aim is to study category O in the situation where it is, in some sense, as close as 
possible to being semisimple. We make the following definition: 

Definition. Say KZ : O —>■ 7i — mod separates simples if whenever S ^ T are simple objects 
ofO, then KZ(S) ¥ KZ(T). 

4.2. Now we state the main theorem. 

Theorem. Suppose m > 1 andn > 1 and KZ separates simples. Then either O is semisimple, 
or the following hold: 

(1) There exists a linear character x of W such that L(x) is finite- dimensional and all 
the other simple objects in O are infinite- dimensional. 

(2) There exists a positive integer r not divisible by m, such that dimL(x) = r n . 

(3) Let q G N be the residue ofr modulo m, 1 < q < m—1. Then there is a representation 
t) q ofW with dimfjg = dimf) such that if r £ {A l f) g ® x| < i < n} , then M(r) = 



(4) O = O a © O ss where O a is generated by the L(A l i) q (g) x) an d @ ss a semisimple 
category generated by the other simple objects. 

(5) The composition multiplicities in O a are 



4.3. Before proving Theorem 14.21 we make some remarks. Theorem 14.21 is an analogue for 
G(m, 1, n) of various results of the papers jBEG03bJ and |Gor03j . In fact, in [BEG03jj it 
is shown that whenever H K (S n ) has a finite-dimensional module, then all but one of the 
simple modules in category O are infinite-dimensional and the structure of category O is 
similar to the result of Theorem 14.21 fsec [BEG03b, Theorem 1.2, Theorem 1.3]). Although 
the methods we use for proving Theorem 14.21 are similar to those of BEG03b , we have to 
use different arguments to get round the problem that in the G(m, 1, n) case, the functor KZ 
is not known to take standard modules M(A) in O to the corresponding Specht modules S x 



L(r). 
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for H., even on the level of Grothendieck groups. We also have to do some work to calculate 
the blocks of the Hecke algebra at the parameters that we are interested in. 



4.4. One reason why Theorem 14.21 is of interest is that it gives a source of examples of 
choices of k such that there is a finite-dimensional object in category O, and yet category O 
is completely understood. 

4.5. The rest of this section is devoted to the proof of Theorem 14.21 The proof proceeds 
as follows. In Section |51 we recall some facts about the representations of the Ariki-Koike 
algebra. We use these facts in Section ETT1 to Section lfTTI to prove parts (1) and (2) of Theorem 
14.21 Next, between Section and Section f6. 181 we compute the blocks of the Ariki-Koike 
algebra in our situation by a combinatorial argument. This enables us to prove parts (3) and 
(4) of Theorem 14.21 Finally, in Sections 16.191 and lfi.2()[ we prove part (5) of Theorem 14.21 

5. The Ariki-Koike algebra 

5.1. Let us recall some facts about the Ariki-Koike algebra. This is the algebra 7i introduced 
in Section l3~7l also called the Hecke algebra of W . It depends on parameters q, ui, . . . , u m G C 
and we are only interested in the case where these parameters are all nonzero. 

5.2. We use the following conventions. For us, a partition of n is a sequence Ai > A2 > 
• ■ • > Afc with Afc = n. A partition A will be identified with its Young diagram, and we use 
the non-Francophone convention for Young diagrams. That is, the Young diagram of A has 
Aj boxes in row i, row 1 being the top row. A multiparition of n is an m-tuple (A^, . . . , X^) 
where the X^ are partitions with \^ \ = n - Following the paper |AM00j . we may regard 
a multiparition as a subset of N x N x N by thinking of it as an m-tuple of Young diagrams. 
A node is any box of A. More generally, a node will be any element of N x N x N. 



5.3. It has been shown (see |Mat99p that for each multipartition A = (A^, . . . , A^ m ^) of 



n. 



there is a Specht module S x for TC. Each S x has a quotient D x which is either or simple. 
The set {D X \D X 7^ 0} is a complete set of nonisomorphic simple 7i-modules. We will need 
a parametrisation of this set. There are 2 different parametrisations, depending on whether 
q — 1 or q ^ 1. 



5.4. If q = 1 then Mat98, Theorem 3.7] states that D x ^ if and only if = whenever 
s < t and u s = u t . 



5.5. If q 1 then the description, due to Ariki and stated in |Mat04| Theorem 3.24] is more 
complicated. The nonzero D x are in bijection with the set of Kleshchev multipartitions, which 
we now describe. 

Given a multipartition A, the residue of a node x in row i and column j of A^ is defined 
to be Ukqi~ l . A node x in A with residue a is called a removable a-node if A \ {x} is a 
multipartition. A node x not in A with residue a is called an addable a-node if A U {x} is a 
multipartition. 

Say a node y E A^ is below a node x E A^ if either I > k, or £ = k and y is in a lower 
row than x. 

A removable a-node x is called normal if whenever x' is an addable a-node below x then 
there are more removable a-nodes between x and x' than there are addable a-nodes. The 
highest normal a node in A is called the good a-node. 

The set of Kleshchev multiparitions is defined inductively as follows: is Kleshchev, and 
otherwise A is Kleshchev if and only if there is some a E C and a good a-node x E A such 
that A \ {x} is Kleshchev. 



5.6. Finally we need a description of the blocks of Ji. This is given in |LM06I Corollary 



2.16]. Recall that the Specht modules are partitioned into blocks as follows: two Specht 
modules S x and are in the same block if and only if there is a sequence S Xl , S x ' 2 , . . . , S Xt 
with S Xl = S x , S Xt = and such that S Xi and S Xi+1 have a common composition factor for 
all i. Define the content cont(A) of a multipartition A to be the multiset of residues of A, ie. 
the set of residues counted according to multiplicity. Then for q ^ 1, two Specht modules 
5* A and are in the same block if and only if cont(A) = cont(u). 

6. Proof of Theorem 14.21 

6.1. To begin the proof, suppose KZ separates simples. If O is not semisimple, then TC is 
not semisimple, and we claim there exists S E O with KZ(5) = 0. Indeed, if KZ(S) ^ for 
all simple objects S E O then 7i has |lrrep(W / )| simple modules, but it is well-known that 
this implies that 7i is semisimple. We give here a proof using the Cherednik algebra. 
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Lemma. Suppose Ti has \ lrrep(W)\ simple modules. Then TC is semisimple. 

Proof. Since KZ is exact, each simple 7i-module is the image of a simple object of O under 
KZ. Therefore, the category O tOT C O is 0. So KZ induces an equivalence O — > H — mod. We 
show that O is a semisimple category. By [DO03, (32)], there is an ordering ^ on Irrep(W) 
such that [M(r) : L{p)\ ± implies r ^ a. By |GG()R031 Proposition 5.2.1], if L(a)\^ cg ^ 
then L(o~) C M(r) for some r. Combining this fact with induction on the ordering ^ yields 
M(t) = L(t) for all r. But it is observed in [BEG03a, Remark following Lemma 2.12] 
that M(r) = L(t) for all r if and only if O is semisimple. Since there is an equivalence 
of categories O = 7i — mod, 7i — mod is a semisimple category and so 7i is a semisimple 
algebra. □ 

Remark. Note that the above proof works for any complex reflection group W , where 7i is 
the Hecke algebra ofW as defined in [GGOR03] Section 5.2.5]. 

Therefore we have shown that if O is not semisimple then there is some simple S E O with 
KZ(S') = 0, and KZ(T) ^ for all simples T 3= Shy our assumption on KZ. Since KZ separates 
simples, we also have that #{KZ(T) : T simple, T ^ S} = \\rrep(W) \ — 1. Furthermore, if T 
is simple then so is KZ(T), because KZ induces an equivalence 0/O tOT — > 7i — mod, and the 
localisation to f) rcg preserves simple objects. So H has exactly | Irrep(W) | — 1 simple modules. 

6.2. Next, we show that q ^ 1. Suppose q = 1. Then by Section 15 A\ since 7i is not 
semisimple, there must be some s < t with u s = u t . Under the assumption that n > 1, there 
are at least 3 multipartitions A with 7^ 0. Hence, there are at least 3 D x which are 
zero and so 7i cannot have |lrrep(VK)| — 1 simple modules. So q ^ 1. Therefore, the simple 
7i-modules are in bijection with Kleshchev multipartitions. 

6.3. Ariki's semisimplicity criterion |Ari94j tells us that [n) q \ Yli<j Yl-n<c<n( u i ~~ < f u j) = 0- 
Therefore, either there are c with = q c Uj, or else [n] q \ = 0. We show [n] g \ 7^ 0. Suppose 
that [n] q \ = 0. Then there is a k, 1 < k < n with q k = 1 and q ^ 1, < £ < k. Since 
q 7^ 1, the simple 7i-modules are in bijection with Kleshchev multipartitions. Let pk be the 
partition of k with one part, ie. the Young diagram of pk is a row of k boxes. Then pk is 
not Kleshchev, because the only removable node of pk, call it p, cannot be good, because it 
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is not normal. Indeed, the node labelled A in the diagram below is an addable node below 
p with the same residue as p, and there are no removable nodes between them. 



k boxes in row 













A 





Hence, pk is not Kleshchev and therefore p n , a row of n boxes, is not Kleshchev. So we may 
define multipartitions Ai = (p n , 0, . . . , 0) and A 2 = (0, p n , 0, . . . , 0), neither of which is 
Kleshchev (here we use the hypothesis that m > 1). This contradicts the fact that there is 
only one non-Kleshchev multipartition, and so [n] q \ ^ 0. 

6.4. Therefore, there exist integers 1 < i,j < n and — n < c < n such that Ui = q c Uj. 
Writing what this means in terms of the «j, we get 

m(Kj — Ki) — mcK 00 — (i — j) G mZ. 

The next step is to show that |c| = n — 1. 

6.5. Redefining c if necessary, we have that there are i < j with q c ui = Uj. Either c > or 
c < 0. Consider the case c > 0. In this case, let p c+ i be a row of c + 1 boxes, and take a 
multipartition r with p c+ \ as its i th part and everywhere else. If c < n — 1 then consider 
two multipartitions defined as follows: A is the multipartition of n whose i th part is p n and 

is the multipartition of n whose i th part is 

n — 1 boxes in row 



Then r is not Kleshchev, and so A is clearly not Kleshchev. Also, p is not Kleshchev, 
essentially because p D r (note that, even after some nodes have been removed from p, 
the node at the right hand end of r can never be a good node, since we have established 
that q c+1 7^ 1). Hence there are 2 non-Kleshchev multipartitions, which contradicts our 
hypothesis. So c = n — 1. 

In the c < case, we take 7 c+ i to be a column of — c+ 1 boxes, and do a similar argument 
to show that c = —{n — 1). 
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6.6. The above argument shows that the mulitplicative order of q must be at least 2n — 1. 
Indeed, suppose q n+a = 1 where a is a nonnegative integer. Then if q n ~ l U{ = Uj for some 
i,j, we get q~~ a ~ 1 Ui = Uj. But the above argument in the c < case shows that —a — 1 < — n 
or else we would have more than one non-Kleshchev multipartition. 

6.7. Now we may rewrite our condition on the parameters as 

m{nj — Ki) + (— l) a m{n — l)«oo = (* ~~ j) + m t 

for some a £ {0, 1} and some t £ Z. Note that (i — j) + mt cannot be zero because 
1 < hj < m - If it is positive, multiply through by —1 (possibly interchanging the roles of 
% and j, and changing a), so assume that (i — j) + mt < 0. Now we do a so-called twist. 
Consider the linear character of W which sends af^ to {—l) a af^ for all i, j, £, and which sends 
Sk to e~isk- Explicitly checking with a set of generators and relations of W shows that this 
is a well-defined character of W. Now by [GGOR03, Section 5.4.1], we have an isomorphism 
of Cherednik algebras if) : H K — > where n' m = (-l) a n 00 and (These 
equations for k\ follow from writing down the generators and relations for H K >). The twist 
if) induces an auotequivalence of category O which preserves the dimension of the objects 
[GGOR03, Section 5.4.1]. Our new parameters satisfy 

mKj-i + m ( n — l) K oo = (i ~~ j) + mt < 0. 

Now we are in a position where we can use [CE03, Section 4.1]. Translating our parameters 
into the language of |CEQ3j . we get 

m— 1 



1 - e~ jq 



where r = (j—i)—mt is a positive integer of the form (p— l)m+q for some nonnegative integer 
p and some 1 < q < m — 1 (of course, this q is not the same q which was a parameter in the 
Hecke algebra). Then we have the module Y c which is a quotient of M(triv). Furthermore, 
since [n] q \ ^ 0, we may apply |CE03l Theorem 4.3] to conclude that Y c is finite-dimensional. 
Therefore, L(triv) is finite-dimensional. By t GGOR03, Section 5.4.1], twisting by if> sends 
L(x) to L(triv) for some linear character x of W. Furthermore, dimL(x) = dimL(triv) = r n 
by [CE03, Theorem 2.3 (iii)]. Since L(x) is finite-dimensional, KZ(L(%)) = 0, and therefore 

10 



KZ(L(t)) 7^ for r ^ Xj by our assumption that KZ separates simples. Therefore L{r) is 
infinite-dimensional if r ^ %■ We have proved parts (1) and (2) of Theorem 14.21 

6.8. Blocks. To proceed further, it is necessary to calculate the blocks of the Hecke algebra. 

6.9. Standing assumption. We have parameters q and u±, . . . , u m for the Hecke algebra. 
We are assuming that there is exactly 1 non-Kleshchev multipartition, and we have already 
shown that q n ~~ l Ui = Uj for some i ^ j. We have shown that under this condition on the 
parameters, the unique non-Kleshchev multipartition has a row of n boxes as its i th part, 
and all other parts 0. First, we prove the following lemma. 

Lemma. If k ^ i,j then for each £ ^ k, we have Uk/ui ^ q c for any —n < c < n. 

Proof. Suppose Uk = q c U£. If £ ^ i,j then it would follow from the earlier calculations that 
there is another non-Kleshchev multipartiton, so we need only consider the case where £ — i 
or £ = j. Suppose i < j. If £ = i then suppose there is — n < c < n with Uk = q c Ui, 
and Uj = q n ~ l Ui. If c < then considering a multipartition whose only nontrivial part is a 
column 7 n or a row p n in the i th position, we have that there is more than one non-Kleshchev 
multipartition. On the other hand, if c > then Uk = q c Ui = q c ~( n ~ l 'Uj and hence there 
exists a non-Kleshchev multipartition which is except in the j th position, and one which 
is except in the i th position. Similarly, if £ = j, we reach the same conclusion, and so such 
a c cannot exist. Similar arguments deal with the i > j case. □ 

6.10. Recall from Section 1531 that if a and (3 are multipartitions then the Specht modules 
S a and S@ belong to the same block if and only if cont(a) = cont(/3). The next lemma is 
needed to study the content of a multipartition. 

Lemma. Under the assumptions of Section let a = (a^\ a^ 2 \ . . . , aS m >) be a multipar- 
tition of n. Then cont(a^) fl cont(a^) = for all r ^ s. 

Proof. By Lemma IB~9"1 and our assumption that q n ~ 1 Ui = Uj, we get that for all r, s, u r /u s ^ q c 
for any — (n — 1) < c < n — 1. Now, if the residue of some node x in is equal to the 
residue of some other node y in a^ s \ then 

Ur gCol(x)-row(x) _ u ^qCol(y)-row(y) 
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But if t := col(x) +row(y) — row(x) —co\(y) then u s /u r = q l but t ^ n — 2 and i > — (n — 2), 
a contradiction. □ 

6.11. The next lemma is useful in determining a multipartition from its content. 

Lemma. Under the assumptions of Section \ 6.tA if a and (3 are multipartitions of n and 
1 < k < m, then cont(a^) = cont(f3^) implies = (3^ . 

Proof. We show that if two nodes of have the same residue, then they lie on the same 

diagonal. It will follow that the multiplicity of a residue in cont(a) is equal to the length 

of the corresponding diagonal of a. The same is true of (3. Thus under the hypothesis, the 

Young diagrams a and (3 have diagonals of the same lengths, thus they are equal. 

Suppose then that nodes (i,j) and in have the same residue. Then Ukq 3 ~ l = 

.i j . . .> j ii ii 

Ukq 3 ~ % ■ Thus q 1 " 1 " 3 +l = 1 and therefore if j — i ^ j —i then either z := j — i — j +i > n 

or z < —n. But j + i , j ' + i < n + 1 and so z cannot be either greater than n or less than 

— n. Therefore, z = and j — i = j — i . In other words, and (i ,j ) lie on the same 

diagonal. □ 

6.12. We are finally in a position to calculate the blocks of the Hecke algebra. In order to 
determine the blocks of 7i, we first note that if p a denotes a row of length a and 7& a column 
of length b, then we may define a multipartition A a to have p a in the i th place and 7„_ a in 
the j th place. For example, if m = 3, n = 3, i = 3, j = 2 then 



An 



(& _ 0j,Ai=(0 g □),a 2 = (0 □ m ) , A3 - ( rm )■ 



Then if g n_1 n.j = Uj, then cont(A a ) = {uiq x \0 < x < n — 1} and hence all the A a belong to 
the same block. It remains to show that if a, (3 are multipartitions and one of them is not 
of the form A a , then they belong to distinct blocks. 

6.13. Now we suppose that we have two multipartitions a = (a^\ . . . , a^) and (3 = 
. . . ,/3 (m) ) and cont(a) = cont(/5). We will show that if k ^ i,j then a {k) = (3^ k) . 



Lemma. Let k 7^ If x E cont(a^- ) ) then x G cont(/?^ fc - ) ). 
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Proof. There is an integer b with — n + 1 < b < n — 1 such that x = Ukq b . We consider 
the cases b > and b < separately. In the case b > 0, we now prove by induction that 
x (fc cont(/3^) for any i ^ k. The proof for b < is very similar, so we omit it. 

For the base step, suppose 6 = 0. Then E cont(a^). Hence Uk is a residue of (3. If 
Uk € cont(/?^) where i ^ k then Uk = Uiq c ~ r for some column c and row r of (3^. But 
clearly — n < c — r < n which contradicts Lemma 16.91 Therefore Uk ^ Ui^kP^ and so 
u k e cont(/?( fc )). 

Now we do the inductive step. Suppose b > 0. Suppose Ukq b is a residue of (3^ with t ^ k. 
Then w^g 6 = Ueq c ~ r for some c, r. So Uk/ue = q c ~ r ~ b . Since c — r < n and 6 > 0, we have 
c — r — b < n. So by Lemma 16.91 c — r — 6 < — n. Therefore, r > n + c — b > n + 1 — b. But 
fiW contains at least r boxes, by definition of r. So \[3™>\ > n + 1 — b. 

Next, we note that since u^q b is the residue of a node in a^ k \ this node must lie on the 
diagonal containing (6 + 1, 1). So there are at least 6 + 1 boxes in the first row of aS k > and 
hence there is a node in the first row of with residue utq^ 1 ■ By induction on 6, this is 
also a residue of (3^ k \ So there is a box in column b and row 1 of Therefore, > 6. 

So |/3| > + > 7i + 1, a contradiction. □ 

6.14. It follows from Lemma 16.131 that if cont(a) = cont(/3) then cont(a^ fc - ) ) = cont(/?( fc )) 
for all k ^ Then applying Lemma 16.111 we get cr fc ) = It remains to deal with 

and ot^. The proof of this case will be very similar to Lemma 16.13^ but slightly more 
complicated. 

6.15. Given multipartitions a = (a' 1 ', . . . ,a^) and (3 = ((3^\ . . . with cont(a) = 
cont(/3), let a\ be the length of the first row of and a 2 be the length of the first column 
of and define b±, 62 similarly for (3. First we prove a technical lemma. 

Lemma. Under our assumptions of Section \6.!A suppose a\ + a 2 < n. Thenuiq ai ^ cont(a). 

Proof. First, we show that Uiq ai ^ cont(a^) when k 7^ So let k 7^ i,j and suppose there 
is a node of with residue utq ai . Say this node lies in column c and row r of a^ k \ Then 
Uiq ai = Ukq c ~ r ■ So Mj/wfc = g ai_(c_r ). We show that a\ — (c — r) lies between — 71 and n. If 
d — (c — r) > n then c + n<r + ai<n, a contradiction. While if ai — (c — r) < — tj then 
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c>n + ai + r>n + l, a contradiction. So — n < a\ — (c — r) < n, which violates Lemma 
16.91 Hence, t^g 01 is not a residue of aS k \ 

Next, we show that Uiq ai is not a residue of If it is, then there is a node in column 
c and row r of cr*) whose residue is Uiq ai = Uiq c ~ r . So g ai_ ( c_r ) = 1. So by Section 
16.61 if a x — (c — r) ^ then either a\ — (c — r) > 2n — 1 or a\ — (c — r) < — (2n — 1). 
If ai — (c — r) < — (2n — 1) then In < a\ + r — 1 + 2n < c, which is impossible. If 
ai — (c — r) > In — 1 then c+2n < ai + r + 1 < n + 2, which is impossible if n > 1. 
Therefore, a\ = c — r. But c < a\ and r > 1, so this is also impossible. Therefore, Uiq ai 
cannot be a residue of a®. 

The argument that Utq 0,1 is not a residue of is very similar. We use the fact that 
ai < n — a 2 . □ 

6.16. The claim of Section T6. 121 follows from the next lemma. We use the same notation as 
Section 16.151 

Lemma. Under the assumptions of Section \6'.y[ if a\ + a 2 <n then if x G cont(a^) then 
x G cont(/5 (i) ). 

Proof. By Lemma l6.13[ cont(c/ fc )) = cont(/3^- ) ) for k ^ i,j. Therefore, by Lemma [6.101 we 
get cont(a^) Ucont(a^- ) ) = cont((3^) U cont((3^). This is a disjoint union, so it suffices to 
show that if x G cont(a^) then x ^ cont(/3^- ) ). 

If x G cont(a^) then x = Uiq b for some b with — n + 1 < b < n — 1. As in the proof of 
Lemma f6. 131 we consider the cases b > and b < separately. We give the proof only for 
the b > case. The proof is by induction on b. 

For the base step, if b = then U{ is a residue of a®. If this is a residue of then it 
has the form Ui = Uiq n ~ 1 q c ~ r for some c, r. So q n ~ 1 + c ~ r — l. Now, n — 1 + c — r > 0. If 
n— 1+c— r > 2n — l then c— r > n which is impossible. So n — 1 + c— r = 0. Hence, c = 1, r = 
n, and must be a column of n boxes. But then cont(/3^) = {t^g" -1 , Uiq 71-1 , . . . , w^g, 
Since < ai < n, we have Wjg ai G cont( / 9 < -^) = cont(/3) = cont(a), which contradicts Lemma 
16.151 Therefore Ui must be a residue of (3^\ which proves the base step. 

For the inductive step, suppose b > and Uiq b is a residue of If t^g 6 is a residue of 
a node in column c and row r of then Uiq b = Uiq n ~ l q c ~ r . So g c ->"+n-i-& = i. Since 
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c — r < n and b > 0, we have c — r — b < n. So c — r — b + n — 1 < 2n — 1. Therefore, 
either c — r — b + n — 1 = 0otc — r — b + n — 1 < — {2n — 1). If the latter holds then 
c + 3n<r + b + 2<2n + l since we may take b < n — 1. Hence l+n<c + n<l,a 
contradiction. We therefore get c — r — b + n — 1 = 0. So r > n — 6. But has at least r 
nodes. Therefore, |/3^q > n — b and has at least n — b rows. But since Uiq h G cont(a^- ) ), we 
get Uiq b ~ l G cont(a^), as in the proof of Lemma IB. 131 By induction on b, Uiq b ~ - 1 G cont(/3 w ). 
So, as in the proof of Lemma f6. 131 there is a box in row 1 and column b of Therefore, 
> 6 and (3^ has at least b columns. So (3 = Xb in the notation of Section l6.12l Therefore 
cont(/3) = {tii, qui, . . . , q n ~ l Ui}. So Mjg ai G cont(/3) = cont(a). This contradicts Lemma lfi.151 
Therefore, Uiq h must be a residue of an d this proves the inductive step. □ 

6.17. Now suppose we have a multipartition a not of the form X a . Suppose (3 ^ a. We 
show that cont(a) 7^ cont(/3). Indeed, if (3 ^ Xj, for any b, then by Lemmas 16 . 1 31 and 16 . 1 61 
cont(a;( fc )) = cont(/3 ( ' fc - ) ) for all k. Therefore, by Lemma [6. Ill a^ k ' = (3^ for all k, so a = /3, 
a contradiction. On the other hand, if (3 = for some b, then Uiq ai G cont(/3) \ cont(a) by 
Lemma 16. 151 So cont(a) 7^ cont(/3). 

Therefore, S 1 " is the unqiue Specht module in its block. Furthermore, {5 Aa |0 < a < n} 
form a block, by the same reasoning. 

6.18. We get that there is one block of the Hecke algebra containing n + 1 of the Specht 
modules, and all the other blocks are singletons. Hence, there are |lrrep(W)| — n blocks. By 
GGOR03, Corollary 5.18], the blocks of O are in bijection with blocks of 7i and hence O 
also has |lrrep(iy)| — n blocks. We work in the category 0(H K i). Now by [CE03, Theorem 
2.3], there is a BGG-resolution of Y c , ie. an exact sequence 

<- Y c «- M(triv) <- M(y < <- M(A n f) 9 ) «- 

As the classes [M(r)] form a basis of the Grothendieck group K (O), none of the maps in 

this sequence can be zero, and hence all the L(A i f} (? ) belong to the same block. There are 

n + 1 simples in this block and hence by counting we see that all the other blocks must 

be singletons. Using the fact that simple objects in O have no self-extensions ( BEG03b ( 

Proposition 1.12]), we get that these blocks are semisimple. Translating back to category 

0(H K ), we get parts (3) and (4) of Theorem 14.21 
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6.19. It remains to compute the composition multiplicities in the one nontrivial block O a . 
Again we work in the category 0(H K i). [GGOR03, Proposition 5.21(H)] tells us that each 
L(A l f) ? ), i > is a submodule of a standard module. Write L { = L(A l \) q ) and Mj = M(A l \) q ). 
Let Ri be the radical of Mj. We cannot have a nonzero map Lj — > Mj if j > i by [TTO03, 
Section 2.5 (32)] (briefly, this is because a calculation very similar to |Val| Lemma 8.3] 
shows that the number denoted c A t t)q (k) in DO03 equals — tN for some N G N which is 
independent of t. Thus if [Mj : Lj] ^ then — jiV + z'iV G N and so i > j) and so L\ is 
a submodule either of M or Mi. It can't be a submodule of Mi because [Mi : Li] = 1 so 
L\ <^-> Mo- So Li <^-> i?o- But i?o is a quotient of Mi since it is the image of Mi — > M 
(this follows from the fact that y c = L , proved in |Val| Section 8.2]), hence [Rq : Lj\ = 1. 
If we had [Rq : Lj] ^ for some z > 1 then i? would have Lj as a quotient for some i > 1. 
Therefore, so would Mi. But Mi has a unique simple quotient Lx. Therefore, it is impossible 
to have [Rq : Li] ^ for % > 1 and we conclude that Rq = L\. 



6.20. We have shown that the composition factors of M are L and Lx- To conclude 
the argument, we show by induction that the composition factors of M, are Lj and Lj+x- 
Consider first Lj+i. Then Lj+i is a submodule of some Mj. We cannot have j > % + 1, and 
by induction, we cannot have j < i. Hence, L i+ i is a submodule of M, and so Lj + i i?,. 
Now i?j = ker(Mj — > Mj_i) by induction and so is a quotient of Mj+i. Therefore, 
[Ri : Lj+i] = 1. If there was a j > z + 1 with [Ri : Lj] ^ then we would have that for some 
j > i + 1, Lj would be a quotient of Ri and hence a quotient of M i+ i, contradicting the fact 
that Mj+x has a unique simple quotient. Therefore, Ri = L i+ i and we are done. This proves 
part (5) of Theorem 14.21 



7. Characterisations of separating simples 

Now that we have completed the proof of Theorem 14 .2\ let us turn our attention to the 
question of when KZ separates simples. 

Theorem. The following are equivalent 
(1) KZ separates simples. 
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(2) If q, ui, . . . , u m are the parameters of the Ariki-Koike algebra Ti, then {q+l) Yli<j( u i~ 
uj) 7^ 0, and furthermore, 

#{r G lrrep(W) : L(r)\ ¥ e S ^ 0} > n - 1. 

(3) The algebra TC has at least \ lrrep{W) \ — 1 nonisomorphic simple modules. 

Proof. First, we show that (2) implies (1). We must show that if L(a)\^ cs = L(r)|f,r Cg ^ 
then a = t. Suppose then that L{a)\^ = L(r)|f,rc g ^ 0. By GGOR03, Proposi- 
tion 5.21(h)], there exists a standard module M(A) such that L(a) "—>■ M(X). Let t = 
dim(Hom(L(cr), M(A))). Then M(A) must have t submodules isomorphic to L(a), be- 
cause the only automorphisms of L(a) are the scalars. Therefore, L(cr)®* C M(A) and 
M(A) has no submodule isomorphic to L(a)®^ t+1 \ Now since L(a)\t ) r Cg = L(j) |f,re g , we have 
Hom(L(r)|^e g ,M(A)|f,re g ) = Hom(L(o-) | ^ , M(A)|^ g ) ^ and hence by jGGUKXM Propo- 
sition 5.9], Hom(L(r), M(A)) 7^ (using the condition on the parameters). Therefore, M(A) 
has a submodule isomorphic to L(r) and hence a submodule isomorphic to L(t) + L(<j) e *. 
This sum must be direct if L(o~) ¥ L(r), hence M(A) has a submodule L(t) © L(cr)®* and 
M(A)|f,ro g has a submodule L(r)|(,r Cg © L(cr)|St g = L(cr)|^i g +1 \ Therefore, 

dim(Hom(L(a)| rg ,M(A)| [) rc g )) > t + 1 

and so dim(Hom(L(o"), M(A))) > t + 1, a contradiction. So £(<r) = £(r) and hence cr = r. 
Next, (1) implies (3) by Section EHJ 

Finally, to show (3) implies (2), note that under the hypothesis that 7i has |lrrep(W / )| — 1 
simple modules, it has already been shown that [n] q \ 7^ 0, hence q 7^ — 1 since we assume 
n > 2, and that Ui 7^ Uj for all i 7^ j, so the condition on the parameters holds. Furthermore, 
by the essential surjectivity of KZ, if TL has |lrrep(VK)| — 1 simple modules then, because KZ 
is essentially surjective on objects and exact, there are at least |lrrep(W)| — 1 of the L{t) 
with KZ(L(r)) 7^ and hence with L(r)| rg 7^ 0. □ 

8. The Ariki-Koike algebra in the almost-semisimple case 

8.1. We close this section by using the facts proved about category O in Theorem 14.21 to 
prove a theorem about the Hecke algebra which does not mention the Cherednik algebra in 
its hypothesis or conclusion. This theorem is an example of a general philosophy suggested 

17 



by Rouquier in |Rou05j of using the Cherednik algebra and the KZ functor as a tool to prove 
theorems about Hecke algebras. 

It is well-known that 7i K is semisimple if and only if the number of irreducible modules 
|lrrep(7i K )| of 7i K equals the number of irreducible modules of CW, and that in this case 
7i K = CW. So the property of having |lrrep(W / )| simple modules determines the algebra Tt K 
up to isomorphism. We show that the property of having |lrrep(W / )| — 1 simple modules also 
determines 7i K up to isomorphism. 

Theorem. Suppose 7i K and Ti^ are Ariki-Koike algebras corresponding to some parameters 
k,h G C m and that \lrrep(H. K )\ = \lrrep{7i^)\ = \lrrep(W) \ — 1. Then there is an isomorphism 
of algebras 7i K = Ti^. 

Proof. By [GGOR03, Theorem 5.15], there is an algebra isomorphism 7i K = Endo(P K z) opp 
where 

Pkz = dimKZ(L(r))P(r). 

TGWrep(W) 

Here, P{j) is the projective cover of L(r). The strategy of the proof is to calculate P KZ in 
the case where KZ K separates simples, and show that its endomorphism ring can be written 
in a way that does not depend on k. We work in the category O = O k and write KZ = KZ K , 
M(r) = M k (t), and so forth. By Theorem 14.21 there is a linear representation \ of W with 
O = O h © O ss , where O a is the subcategory of O generated by {L(/\ l \) q ® x) : < i < n}. 
Let A i = A% ® x and let S = {A* : < % < n}. Write M< = M(X i ), U = L(A*) and 
Pi = P(X l ) (the projective cover of Li). 
For a, t G lrrep(W / ), we have in general 

dimHom(P(o-),P(r)) = [P(r) : L(a)] 

= ^[P(r):M( 7 )][M( 7 ):L(a)] 

7 

= ^[M( 7 ):L(r)][M( 7 ):L(a)] 

7 

= ^[M( 7 ) : L(r)][M( T ) : L(a)] + ^[M( T ) : L(r)][M( 7 ) : L(a)] 

-yeS 7^5 
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If 7 ^ S then M(j) = L(j), so we get 



dimHom(P((7) ) P(r)) = ^[M, : L(r)][M, : L(<r)] + J^ 7T V 

i=0 7^5 

Now, if a ^ S or r ^ 5, this sum must be 5 aT . Otherwise, <t,t & S and so a = \ a , r = \ b 
for some a, b. We get 



dimHom(P(A a ),P(A 6 )) = ^[M, : L a ][M 4 : L 6 ] 

i=0 

which equals 2 if a = b and 1 if |a — b\ — 1 and otherwise. So we get 



2 if o" = t £ iS 



dimHom(P(a),P(r)) 



1 if a = t £ S 

1 if {ct,t} = {A a ,A a+1 },0 < a < n- 1 
otherwise 



The ring Endo(P K z) is a matrix algebra with entries in the various Horn-spaces Hom(P(cr), P(t)). 
We calculate the multiplication relations between basis elements of the Hom(P(<j), P(t)) 
and show that these relations do not depend on k. It will follow that the structure con- 
stants of Endo(P K z) do not depend on k, which will prove the theorem provided that the 
multiplicaity of each P(r) in P KZ is also independent of k. But in our situation P KZ = 
© T ^5(dimr) ■ P(r) © (©i<i<n(™Z 1 1 )Pi) since dimKZ(Lj) = (™Ii)> as can De readily shown 
using induction on the BGG-resolution of Lq and the fact that dimKZ(M(r)) = dim(r) for 
all t. 

By BGG reciprocity, we have [P : M*] = [P : M»_i] = 1, and [P : M{a)\ = [M(a) : L»] = 
if a 7^ A*, A i_1 . Therefore, the factors in any filtration of P, by standard modules are M; 
and Mj_!. But by |GGUR03l Corollary 2.10], Pj has a filtration by standard modules with 
Mi as the top factor, so Pj may be described as Pj = , meaning that there is a series 
= P? c P} C P? = Pi with P/ = Mi_i and Pf/P/ = Mj. We may write the resulting 
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composition series of p as 

P _ Li + l 
Li-i 

Li 

This description of Pj makes it easy to write down the nontrivial maps Pi — > Pj. 

First, there are two obvious maps Pj — > Pj, namely the identity map idj and the map £j 
which is projection onto the top composition factor Lj followed by inclusion. Note that £f = 
and therefore Endo(Pj) = C[£j]/ since we have already shown that dimHom(Pj, Pj) = 2. 

Next, we describe the map p — > P+i. This is a map Mi _^ — >■ M ^ . So we may construct 
a map : Pi — > Pj+i by factoring out the copy of Mj_i and then embedding Mj in Pj+i. 
This map is nonzero, so Hom(Pj, Pj+i) = < Cf% i %+x, \ <i <n — 1. 

Now we describe the map p — > P_i, n > i > 2. By [GGOR03, Proposition 5.2.1 
(ii)], Pi D Li is injective and therefore Pj contains the injective envelope Ii = I(X l ) of Lj. 
Therefore, since Pj is indecomposable, Pj = Jj. Now, category O contains a costandard 
module V(r) D L(r) for every r G Irrep(W), with [V(r)] = [M(r)] in K (O). Write Vj = 
V(A J ). Then Lj C Vj, so Vj has a composition series of the form Vj = . Furthermore, 
Vj C Ii and so Jj has a filtration by costandard modules of the form Zv = v ^ _1 (the existence 
of such a filtration follows from [?, Definition 3.1, Axiom (c)]). Since Ii = Pi, to get a map 
V y _1 = Pj — > Pj_i = , we may factor out the copy of Vj and then embed Vj_i in Pj_i. 
This gives a nonzero map fi^-i, and therefore Hom(Pj,Pj_!) = C/j^-i. In particular, this 
shows that the image of fi^-i has length 2. 

Now we calculate multiplication relations between the various f% t %+i, fi,i-i and ^. First, it 
is immediate from the definitions that ^j+i/j^+i = = 0. We need to do a little more 

work to show that the same holds for /»,»_!.. Take the description of Jj as Jj = V y _1 . Then 
Ii has a composition series 

Li 
Li-i 

Ii 

I ■ 
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So there is a map Q : l{ — > Jj defined by projection onto the top composition factor Lj 
followed by the embedding Lj Li. Clearly, Ci/i-M = /j-i,iC»-i = 0- But since Pj = Jj, 
we may regard Q as a map p — > p. Therefore, there are a, 6 G C with ^ = aidj + b^. 
Since C 2 — 0, we get a 2 = and hence Q is a nonzero multiple of £j. This shows that 

^ifi—l,i fi—l,i^i—l 0- 

Finally, we need to calculate /i+i^/^+i and /i-i.j/^-i. Consider first By the 

definition of above, we have [im^j-i) : Lj] 7^ 0. Hence, im(/j 5 j_i) cannot be contained 
in the submodule of p_i isomorphic to Mj_ 2 , and therefore fi-ijf^i-i must be nonzero. 
Since fi-i,ifi t i-i£i = 0, fi-i,ifi,i-i must be a nonzero multiple of Let us replace by 
fi-i,ifi,i-i- So we may assume that = £i> an d this does not change any of the 

relations which have already been calculated. Now consider /i+i^/^+i- We show that this 
composition is nonzero. Indeed, the image im(/j ii+ i) has composition factors Lj and L i+ i. If 
fi+i,ifi,i+i were zero, then we would get that im(/ i+1 j) could only have composition factors 
L i+ i and L i+2 . But we have shown that im(f i+ i ti ) has length 2, and [p : L i+ 2\ = 0, a 
contradiction. Therefore, fi+i,ifi,i+i 7^ and so there is a nonzero fe^+i EC, n — 1 > i > 1, 
such that 

fi+l,ifi,i+l ^i,i+l£i ^i,i+lfi—l,ifi,i—l m 

It remains to do some rescaling. Let 

C = 7 7 1 7 6, 1 < i < n 

O12O23 ' ' ' Di-l,i 

4-i = 2 < * < n 

4+i = 7 7 1 7 /<,<+i 1 < i < n - 1. 

O12O23 • • • Oj,i+i 

Then we have the following relations: 

^ifi—l,i fi—l,i^i—l ^ 

£i+l/i,i+l = fi,i+l£i = 

f f = f f = C1 1 

Ji—l,iJi,i—l J i+l,iJ Si- \^ ) 

These are the only nontrivial relations between the various Hom(P(er), P(r)). This shows 

that we may choose a basis of Hom(P(a), P(r)) for each a, r such that the composition 
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relations between the basis elements are independent of k. Hence, we may choose a basis of 
the algebra Endo(P K z) such that the structure constants are independent of k. This proves 
the theorem. □ 



Remark. By variations on the arguments given in the above proof, it is possible to show 
that 



1 j = i + l } i-l 

otherwise 



Ext 1 (L h Lj) -- 

d so the composition series of Pi may be written more symmetrically as Pi 



an 

L 

Li_iffiLi+i . 
Li 

Note that since we have shown earlier that the Ariki-Koike algebra has |lrrep(W / )| — n 
blocks, by counting we get that the algebra B n : = Endo(©" =1 ("Zi)-^) is a block of the Ariki- 
Koike algebra. From the relations (Q), it is clear that B n is independent both of k and m. 
Furthermore, we may extend this description of the unique non-semisimple block to m = 1. 
This is because in the m = 1 case, the Cherednik algebra only depends on one parameter k 00 
(denoted c in |BEG03bj). We write the Hecke algebra as TC c (S n ), with parameter q = e 2mc . 
The simple modules of Ti. c (S n ) are in bijection with e-restricted partitions A of n, where e is 
the muliplicative order of q in C*, and a partition A is said to be e-restricted if A^ — A; + i < e 
for all i > 1. It is clear from this decription that 7i c has |lrrep(5' ri )| — 1 simple modules if and 
only if e = n if and only if c = - with (r, n) = 1. In this case, Theorem 14.21 holds without 
change by various results of jBEG03b ( Section 3], and the proof of Theorem 18.11 also goes 



through without change in the case m — 1. So we have the following corollary. 

Corollary. Let £1,^2 > 1 and for i = 1,2 let Ki e C £i and suppose Ti, Ki (G(£i,l,n)) has 
\lrrep(G(£i, 1, n))|— 1 simple modules. Then the unique nonsemisimple blocks ofH, K1 (G(£i, 1, n)) 
andH K2 (G(£2, l,n)) are isomorphic algebras. In particular, they are isomorphic to the prin- 
cipal block B n ofH.i/ n (S n ). 

Remark. The representation theory of the algebra B n is described in [BEG03b, 5.3] and 
|EN02l 3.2]. 
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